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Abstract 

The aim of the present paper is to estimate bounds on the solutions of two kinds  
of nonlinear integro-differential equations, the first one is ordinary and the other 
is partial. 

1. Introduction 

The integral inequalities involving functions of one and two 
independent variables, which provide explicit bounds on unknown 
functions play a fundamental role in the development of the theory of 
differential equations [2, 4]. During the past few years, many such new 
inequalities have been discovered [1, 3, 5], this paper is to obtain 
estimates of upper bound of two kinds of integro-differential equations, 
the first one is nonlinear ordinary integro-differential equation and the 
other is hyperbolic partial integro-differential equation. 
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We need the following theorems: 

Theorem A [6]. Let ,,, gfu  and h be nonnegative continuous 
functions defined on +R  and c be a nonnegative constant. If 

( ) [ ( ) ( ) ( ( ) ( ) ( ) ) ( ) ( )] ,2
00

22 dssushdugsususfctu
st

+ααα++≤ ∫∫  (1.1) 

for ,+∈ Rt  then 

( ) ( ) [ ( ) [ ( ) ( )] ] ,exp1
00 
















αα+α+≤ ∫∫ dsdgfsftptu

st
 (1.2) 

for ,+∈ Rt  where ( ) ( ) .
0

dsshctp
t
∫+=  

Theorem B [6]. Assume that ( ) ( ),,,, yxayxu  and ( )yxb ,  are 
nonnegative continuous functions defined for ., +∈ Ryx  Let ( )ug  be 
continuously differentiable function defined for ( ) 0,0 >≥ ugu  for 

,0>u  and ( ) 0≥′ ug  for 0≥u  and ( )ug  be subadditive on .+R  If 

( ) ( )yxayxu ,, ≤  

( ) ( ) ( ) ( ( )) ,,,,, 111111
0000

dsdtdtdstsugtsbtsutsb
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++ ∫∫∫∫  

 (1.3) 

then, for ,0,0 11 yyxx ≤≤≤≤  

( ) ( ) ( )yxAyxayxu ,,, +≤  
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(1.4) 

where 

( )yxA ,  

( ) ( ) ( ) ( ( )) ,,,,, 11222222
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( ) ( )( ) ,0,0, 0
0

>>= ∫ rrshg
dsrG

r

r
 

and 

( ) ( ) ,0,0, 0
0

>>
+

= ∫ rrsgs
dsrH

r

r
 

1−H  is the inverse function of H, and 11, yx  are chosen so that 

( )( ) ( ) ( ),dom,, 1
1111

00
−∈+ ∫∫ HdtdstspyxAH

yx
 

for all x, y lying in the subintervals 11 0,0 yyxx ≤≤≤≤  of .+R  

2. Main Results 

Theorem 1. Consider the nonlinear integro-differential equation 

( ) ( ) ( )( ) ( ) ( ) ,0,,,,, 0
0

xxthdssxstKtxtFtx
t

==







−′ ∫  (2.1) 

where RRRFRRRKRRh →×→×→ +++
22 :,:,:  are continuous 

functions. If 

( ( )) ( ) ( ) ( ) ,,, sxsgtfsxstK ≤  (2.2) 

( ( ) ( )) ( ) ( ) ( ) ,,, svsxtftvtxtF +≤  (2.3) 

where f and g are real-valued nonnegative continuous functions defined on 
,+R  then the solution of problem (2.1) is bounded. 

Proof. Multiplying both sides of Equation (2.1) by ( ),tx  we get 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ).,,,,
0

thtxdssxstKtxtFtxtxtx
t

=







−′ ∫  (2.4) 

Put st =  and integrate from 0 to t, we obtain 
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( ) ( ) ( ) ( ) ( )( ) ( ) ( ) .,,,,
0000

dsshsxdsdxsKsxsFsxdssxsx
tstt

∫∫∫∫ =







τττ−′  

(2.5) 

Using the initial condition 

[ ( ) ( ( ) ( )( ) ) ( ) ( )] .,,,,2
00

2
0

2 dsshsxdxsKsxsFsxxx
st

+τττ+= ∫∫  (2.6) 

We obtain 

[ ( ) ( ) ( )( ) ( ) ( ) ] .,,,,2
00

2
0

2 dsshsxdxsKsxsFsxxx
st

+







τττ+= ∫∫  

(2.7) 

Using condition (2.3), we get 

[ ( ) ( ) ( ) ( )( ) ( ) ( ) ] .,,2
00

2
0

2 dsshsxdxsKsxsfsxxx
st

+τττ++= ∫∫  

(2.8) 

Using condition (2.2), we get 

( ) ( ) [ ( ) ( ) ( ) ( ) ( ) ] .2
00

2
0

2 dsshsxdxgsxsfsxxx
st

+τττ++= ∫∫  (2.9) 

Applying Theorem (A), we have 

( ) ( )[ [ ( ) ( [ ( ) ( )] )] ],exp1
00

1 dsdgfsftptx
st

ττ+τ+≤ ∫∫  (2.10) 

where ( ) ( ) .,
0

01 +∈+= ∫ Rtdsshxtp
t

 Inequality (2.10) gives the bound 

on the solution ( )tx  of Equation (2.1) in terms of known functions. 

Theorem 2. Consider the boundary value problem of nonlinear 
hyperbolic partial integro-differential equation: 
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( ( ) ( )( ) ,,,,,,,,,,
00

2
dsdttsutsyxkyxuyxfyx

u yx

∫∫=
∂∂

∂   

( ) ( ) ( ) ( ) ( ) ,00,0,,0,0, =τ=σ= uwithyyuxxu  (2.11) 

where RRRRfRRRkRR →××→×→τσ +++
24 :,:,:,  are continuous 

functions, if 

( ) ( ) ( ),, yxayx ≤τ+σ  (2.12) 

( ) ( ) ( ),,,,,, ugtsbutsyxk ≤  (2.13) 

( ) ( )[ ],,,,, vuyxbvuyxf +≤  (2.14) 

where ( ) ( ) ( )rgandyxbyxa ,,,,  are as defined in +R  then the solution of 

problem (2.1) is bounded. 

Proof. Integrating both sides of (2.11) from 0 to y, we get 

( ( ) ( )( ) ) .,,,,,,,, 111
0000

dtdsdttsutstxktxutxfdtx
u

y
txyy

∫∫∫∫ +=





∂
∂

∂
∂  

(2.15) 

Then 

( ) ( ) ( ( ) ( )( ) ) .,,,,,,,,,0,,
111

000
dtdsdttsutstxktxutxfx

xu
x

yxu txy

∫∫∫+∂
∂

=
∂

∂  

(2.16) 

Integrating both sides of (2.16) from 0 to x with respect to s and using the 
boundary conditions, we get 

( ) ( ) ( )yxyxu τ+σ=,  

( ( ) ( ( )) ) .,,,,,,,,, 111111
0000

dsdtdtdstsutstsktsutsf
tsyx

∫∫∫∫+  (2.17) 

Then 
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( ) ( ) ( )yxyxu τ+σ≤,  

( ( ) ( ( )) ) .,,,,,,,,, 111111
0000

dsdtdtdstsutstsktsutsf
tsyx

∫∫∫∫+   

(2.18) 

Using conditions (2.12) and (2.14) 

( ) ( ) ( )[ ( )tsutsbyxayxu
yx

,,,,
00 ∫∫+≤  

 ( ( )) ] .,,,,, 111111
00

dsdtdtdstsutstsk
ts

∫∫+  (2.19) 

Using condition (2.13), we get 

( ) ( )yxayxu ,, ≤  

( )[ ( ) ( ) ( ( ) ) ] .,,,, 111111
0000

dsdtdtdstsugtsbtsutsb
tsyx

∫∫∫∫ ++  (2.20) 

Applying Theorem (B), we get 

( ) ( ) ( )yxAyxayxu ,,, +≤  

( ){ [ ( ) ( ) ]} ,,,, 1111
00

1
00

dsdtdtdstsptsAHHtsb
tsyx









++ ∫∫∫∫ −  

 (2.21) 

where ( ) 1,,, −HHyxA  defined as in Theorem B, i.e., the solution of 

problem (2.1) is bounded. 
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