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Abstract

The aim of the present paper is to estimate bounds on the solutions of two kinds
of nonlinear integro-differential equations, the first one is ordinary and the other
is partial.

1. Introduction

The integral inequalities involving functions of one and two
independent variables, which provide explicit bounds on unknown
functions play a fundamental role in the development of the theory of
differential equations [2, 4]. During the past few years, many such new
inequalities have been discovered [1, 3, 5], this paper is to obtain
estimates of upper bound of two kinds of integro-differential equations,
the first one is nonlinear ordinary integro-differential equation and the
other is hyperbolic partial integro-differential equation.
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We need the following theorems:

Theorem A [6]. Let u, f, g, and h be nonnegative continuous

functions defined on R, and c be a nonnegative constant. If

W2(t) < ¢ +2 j “LF(s)uls) (uls) + j Cg(@)u()do) + h(s)u(s)]ds,  (L.1)
0 0

for t € R,, then
)< 501+ [ o) [ 1)+ sl las|. a2

for t € R, where p(t) = c + J'(;h(s)ds.

Theorem B [6]. Assume that u(x, y), a(x, y), and b(x, y) are
nonnegative continuous functions defined for x, y € R,. Let g(u) be
continuously differentiable function defined for u >0, g(u)> 0 for

u>0,and g'(u) >0 for u>0 and g(u) be subadditive on R, . If

u(x, y) < alx, y)
+ J':J‘Oyb(s, t)(u(s, t) + J.;j;b(sl, t;)g(u(s, tl))dsldtlesdt,

(1.3)

then, for 0 < x < x;,0< y <y,

u(x, ) < alx, y) + Alx, y)

+ J‘ : J‘Oyb(s, t){H—l{H(A(S, ) + J’ Os J' ; p(sy, tl)dsldtlﬂ}dsdt,

(1.4)

where

A(x, y)

Y s1ph
:.[o Jo c(s1, t1)(a(sl,t1)+jo Jo b(32,t2)g(a(82,t2))d$2dt2jdsldt1,
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" ds
Gr=I—,r>O,r > 0,
)=, 2D 0
and
" ds
Hr=J. ,r>0,19 >0,
() r08+g(3) 0

H™' is the inverse function of H, and x,, y; are chosen so that

x ey
H(A(x, y)) + I I sy, t, )ds,dt, e dom(H™),
0Jo
for all x, y lying in the subintervals 0 < x < x;, 0 < y < y; of R,.

2. Main Results

Theorem 1. Consider the nonlinear integro-differential equation
t
'(t) - F[t, x(t), I K, s, x(s))dsj — h(t), x(0) = xo, @2.1)
0

where h: R, > R, K : RE xR—> R, F: RerR2 — R are continuous

functions. If
|K(2, s, x(s))| < f(t)g(s)|x(s)], (2.2)
|F(t, x(t), v(t))| < f()lx(s)] + Jo(s)], (2.3)

where f and g are real-valued nonnegative continuous functions defined on
R, , then the solution of problem (2.1) is bounded.

Proof. Multiplying both sides of Equation (2.1) by x(¢), we get

x(t)x'(t) - x(t)F[t, x(t), j;K(t, s, x(s))dsj = x(t)h(t). (2.4)

Put ¢ = s and integrate from O to ¢, we obtain
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t t s t
J. x(s)x'(s)ds —j x(s)F(s, x(s), J. K(s, 1, x(r))dr)ds = J. x(s)h(s)ds.
0 0 0 0

(2.5)

Using the initial condition
t S
22 =32+ zj [x(s)F (s, x(s), j K(s, 1, x(x)dz) + x(s)h(s)]ds.  (2.6)
0 0
We obtain

2 = |xo* +2 j ; [Jx(s)] + |x(s) ||(s)|1ds.

F(s, x(s), J.;K(s, T, x(r))dr}

2.7

Using condition (2.3), we get

Jaf? = [xo[* + 2]5 [l(s)[1f () [l(s)| + j O K(s, v, x(x))dx + [x(s)||A(s)[1ds.

(2.8)

Using condition (2.2), we get

of? = Jao? + 2] ()1 166) + () [hE)]lds. 29)

I OS g(o)(z)de

Applying Theorem (A), we have

#0) < O+ [ [Fs)exul [ 17 + g(e)laeds], (2.10)

t
where p(t) = |x| +J. |h(s)|ds, t € R,. Inequality (2.10) gives the bound
0

on the solution x(¢) of Equation (2.1) in terms of known functions.

Theorem 2. Consider the boundary value problem of nonlinear

hyperbolic partial integro-differential equation:
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2 X
gx(’; = f(x, v, ulx, y), -[0 onk(x, Y, S, t, u(s, t))dsdt,
ulx, 0) = o(x), w0, y) = 1(y), with u(0, 0) = 0, 2.11)

where c,r:R+—>R,k:foR—>R,f:RExRxR—>R are continuous

functions, if

|lo(x) + ()| < alx, ), (2.12)
|k(x, v, s, ¢, w)| < bs, )g(Jul), (2.13)
If (x, v, u, v)| < b, y)[|u] + o] ], (2.14)

where a(x, y), b(x, y), and g(r) are as defined in R, then the solution of
problem (2.1) is bounded.

Proof. Integrating both sides of (2.11) from O to y, we get

J‘y o (au)dt _ J'Oyf(x, t, u(x, t)+ I:I;k(x, t, s, ty, u(s, t;))dsdt, )dt.

0 oy Lox
(2.15)

Then

ou(x, y) _ oulx, 0) .

y x ot
o o .[0 f(x, t, u(x, t), j.o .[0 k(x, t, s, ty, ul(s, t;))dsdt; )dt.

(2.16)

Integrating both sides of (2.16) from 0 to x with respect to s and using the

boundary conditions, we get

u(x, y) = G(X) + 'c(y)
x spt
- J.() J.Oyf(s’ L, u(s, t)’ J.O J.O k(s’ t, S1» tl’ u(sl, t]_ ))dSldtl )det. (217)

Then
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ju(x, )| < |o(x) + ()]

X ey spt
; j j \F(s, t, uls, 1), j j k(s, 1, 51, 4y, u(sy, 4, ))dsydty )dsd].
0J0 0J0

2.18)
Using conditions (2.12) and (2.14)
Xy
e )| < ate, )+ [ ol )uts. 0)
s et
; j '[ k(s, t, sy, ty, u(sy, &y ))ds,dt, |dsdt|. (2.19)
0J0

Using condition (2.13), we get

lu(x, y)| < alx, y)
" IO onb(s, Olluls, ¢)] + j O j ;b(sl, t)g(uls;, t)|)dsydty 1dsdt.  (2.20)

Applying Theorem (B), we get

lu(x, y)| < alx, y)+ A(x, ¥)
| Ox J'Oyb(s, t){H—l[H(A(s, 0+ Osj; plsy, by )dsldtlj]}dsdt,

(2.21)

where A(x, y), H, H™! defined as in Theorem B, i.e., the solution of
problem (2.1) is bounded.
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